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Suppose n is a domain contained in D - { 0}. Let r denote the family of all 
cross-cuts y with y n D c n. Let 

1(0) = U L(y) ,
yE I' 

I0(n) = U L(y)* .
yE r

Let ace (n) denote the set of all points on C that are accessible by arcs in n. 

The following lemma is weaker than it could be, but there is no point in proving 
more than we need. 

LEMMA 2. The set ace (n) - I0(n) is countable.

Proof. By Lemma 1, I(n) - I0(n) is countable; therefore it will suffice to show 
that ace (n) - I(n) is countable. If ace (n) has fewer than two points, we are done. 
Suppose, on the other hand, that ace (n) has two or more points. If a E ace (n), then 
there exists a' E ace (0) with a' =f. a. Let y, y' be arcs at a, a' , respectively, with 

ynncn , y' n n c n .

Let p be the endpoint of y that lies in n, p• the endpoint of y 1 that lies in n. Let 
y" c n be an arc joining p to p' . The union of y, y', and y 11 is an arc o joining a 
to a'. By [4], there exists a simple arc 0 1 co that joins a to a•. Clearly, 0 1 is a 
cross-cut with 01 n D c n and a, a• E L(o '). Thus a E I(n), and so 
ace (n) c 1(0). •

LEMMA 3. Suppose 011 and Oz are domains contained in D - {O}. If

(1) and 

are not disjoint, then n1 and Oz are not disjoint.

Proof. We assume n1 and Oz are disjoint, and we derive a contradiction. Let 
a be a point in both of the two sets (1). Let Yi be a cross-cut with Yi n D c ni 
such that a E L(yi)* (i = 1, 2). Let Ui and Vi be the components of D - Yi, and (to 
be specific), let Ui be the component containing 0. Note that y1 n D and y2 

n D
are disjoint. 

Suppose YI n D c Vz and yz n D c v1. Then, since y1 n D c u1, u1 has a 
point in common with Vz. But O E u1 n Uz, so that U 1 has a point in common with 
Uz also. Since U1 is connected, this implies that U1 has a common point with 
Y

z 
n D, which contradicts the assumption that Y

z n D c V 1 . Therefore y1 n D ¢. V 2
or Yz n D ¢. v1 • We conclude that either y1 

n D c u
2 

or y2 n D c u1 . By sym
metry, we may assume that Yz n D c U1.

It is possible to choose a point b E L(y1 )* that is accessible by an arc in Oz ,
because a is in the closure of ace (Oz). Let y be a simple arc joining b to a point 
of y4 n D, such that y - { b} c Oz . Then y - { b} and y1 are disjoint. Also,
y - i_ b} contains a point of U1 (namely, the point where y meets y2 n D); there
fore y - {b} c u1 . Hence b E U1 . Since b E L{y1 )*, this is a contradiction. • 

THEOREM 1 (J. E. McMillan). Let K be a complete separable metric space, 
and let f be a continuous function mapping D into K. Let 

X = {x E CI there exists an arc y at x for which lim f(z) exists} . 
z�x 

zEy 














